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Abstract
Neutral triple gauge couplings (nTGCs) are absent in the standard model effective theory
up to dimension-6 operators, but could arise from dimension-8 effective operators. In
this work, we study the pure gauge operators of dimension-8 that contribute to nTGCs
and are independent of the dimension-8 operator involving the Higgs doublet. We show
that the pure gauge operators generate both ZγZ∗ and Zγγ∗ vertices with rapid energy
dependence ∝ E5, which can be probed sensitively via the reaction e−e+→ Zγ . We
demonstrate that measuring the nTGCs via the reaction e+e−→Zγ followed by Z→ qq¯
decays can probe the new physics scales of dimension-8 pure gauge operators up to the
range (1−5)TeV at the CEPC, FCC-ee and ILC colliders with √s = (0.25−1)TeV, and
up to the range (10−16)TeV at CLIC with √s = (3−5)TeV, assuming in each case an
integrated luminosity of 5 ab−1. We compare these sensitivities with the corresponding
probes of the dimension-8 nTGC operators involving Higgs doublets and the dimension-8
fermionic contact operators that contribute to the e−e+Zγ vertex.
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1 Introduction
The standard model effective field theory (SMEFT), which contains the standard model (SM)
Lagrangian of dimension 4 and higher-dimensional effective operators constructed out of the
known SM fields [1, 2], provides a powerful model-independent approach for probing possible
new physics beyond the SM [3]. Operators of dimension d > 4 in the SMEFT have coefficients
that are scaled by inverse powers of the ultraviolet (UV) cutoff Λ , larger than the electroweak
Higgs vacuum expectation value (VEV), which is expected to arise from and be comparable
to the mass scale of the underlying new physics beyond the SM (BSM). The leading terms
in an expansion in the dimensions of SMEFT operators are those of dimension 5, which may
play roles in generating neutrino masses [4][5], and those of dimension 6 [6], which have been
studied extensively in the context of collider physics [7].
Operators of dimension 8 or higher have been classified [8, 9, 10, 11], but there have been
fewer studies of their phenomenology and possible experimental probes and constraints. This
is because their contributions to scattering amplitudes are typically suppressed by higher
powers in the energy/cutoff expansion, (E/Λ)d−4, rendering them generally less relevant and
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relatively inaccessible to low-energy experiments. However, there are instances where such
higher-dimensional operators may become more accessible, especially if they make the leading
BSM contributions to processes. Examples include dimension-8 contributions to light-by-
light scattering [12] and gluon-gluon→γγ [13], to the reaction e+e−→ Zγ via neutral triple-
gauge couplings (nTGCs) [14], and to processes at future pp colliders [15], that do not receive
contributions from dimension-6 operators. Other recent studies of dimension 8 operators also
appeared in [16].
In this work, we introduce a new type of dimension-8 pure gauge operators for the nTGCs
and study their nTGC contributions to the process e+e−→Zγ . In a recent paper [14], we stud-
ied the contribution of the Higgs-related dimension-8 operator OB˜W = iH†B˜µνW µρ
{
Dρ, D
ν
}
H
to e+e−→Zγ , and estimated the sensitivities of the projected future e+e− colliders to prob-
ing the associated new physics cutoff scale Λ . However, in addition to the Higgs-related
dimension-8 operator O
B˜W
, we find two pure gauge operators of dimension 8, OG+ and OG−,
that contribute to nTGCs and are independent of the dimension-8 operator involving the Higgs
doublet (cf. Section 2). For the present work, we will study how these operators contribute to
the reaction e+e−→Zγ , and estimate the prospective sensitivities to their corresponding new
physics cutoff scales Λ at the e+e− colliders of CEPC [17], FCC-ee [18], ILC [19] and CLIC [20]
that are currently under planning. We find that the accelerators with
√
s = (0.25−1)TeV
should be able to probe Λ . (1−4)TeV, whereas the higher design energy of CLIC with√
s = (3−5)TeV should enable it to probe Λ . (10−14)TeV. These sensitivities are substan-
tially stronger than what we found before [14] for the Higgs-related nTGC operator O
B˜W
.
For comparison, we also study the related dimension-8 fermionic operators which contribute
to the eeZγ contact vertex and thus the reaction e+e−→Zγ .
The layout of this paper is as follows. In Section 2, we formulate the new type of pure
gauge operators of dimension-8 and derive their contributions to nTGCs. We discuss the
distinction between these pure gauge operators and the Higgs-related dimension-8 operators
studied previously [14]. Then, in Section 3, we analyze Zγ production followed by hadronic
decays Z → qq¯ , incorporating contributions of the dimension-8 pure gauge operator and
other operators to nTGCs. Specifically, in Section 3.1, we analyze cross sections and angular
distributions, and in Section 3.2 we study effects of the dijet angular resolution. In Section 4,
we explore the sensitivities for probing the nTGCs via hadronic Z decays, analyzing separately
individual probes of OG±, OB˜W , and the fermionic contact operators. We also make fits to
each pair of the dimension-8 operators and analyze the correlations between them. Finally,
Section 5 presents our conclusions. The helicity amplitudes of the Zγ production for the SM
contributions and for the dimension-8 contributions are summarized in AppendixA.
3
2 Contributions of Pure Gauge Operators to nTGCs
For studying the neutral triple gauge couplings (nTGCs), it is customary in the literature
to consider dimension-8 operators involving the SM Higgs doublets [10]. Among such Higgs-
related dimension-8 operators, one may choose the following independent CP-even dimension-8
operator after using the equations of motion (EOM) [10, 14]:
OB˜W = iH†B˜µνW µρ
{
Dρ, D
ν
}
H + h.c., (2.1)
where H denotes the SM Higgs doublet. The dual U(1) field strength is defined as B˜µν ≡
µναβB
αβ , and analogously W˜µν≡µναβWαβ, where we denote Wµν =W aµντa/2 , with τa being
Pauli matrices.
The dimension-8 pure gauge operators classified previously [10] have the form BµνXµν ,
whereXµν contains two covariant derivatives and two field strengths ofW aµ fields [cf. Eqs.(2.7)-
(2.14) of Ref. [10]]. However, BµνXµν violates CP, and the CP-conserving counterpart B˜µνXµν
makes vanishing contributions to the nTGCs.
In contrast to Ref. [10], we construct the following new set of CP-conserving pure gauge
operators of dimension 8:
OG1 = B˜µν
〈
DµDαW
αβW νβ
〉
, (2.2a)
OG2 = B˜µν
〈
DβDαW
αµW βν
〉
, (2.2b)
OG3 = B˜µν
〈
DαW
αµDβW
βν
〉
, (2.2c)
OG4 = B˜µν
〈
DαW
αβDβW
µν
〉
, (2.2d)
OG5 = B˜µν
〈
DαW
αβDµW νβ
〉
, (2.2e)
where 〈...〉 denotes the trace over Pauli matrices of the weak gauge group SU(2)W . Each of
these pure gauge operators has at least one covariant derivative contracted with the gauge field
strength on which this covariant derivative is acting. Hence they can be converted into a sum
of dimension-8 operators with Higgs doublets (which contribute to nTGCs) and dimension-
8 operators with fermions, by using the EOM of the gauge fields [10, 14]. The additional
fermion operator in each sum can be eliminated using the EOM of gauge fields, if we choose
the above pure gauge operators and the operator with Higgs doublets as two independent sets
of operators.
The pure gauge operators (2.2) were not considered in Ref. [10], which chose a basis of
dimension-8 operators with Higgs doublets (which contribute to nTGCs) and dimension-8
operators with fermions (which do not contribute to nTGCs) as two independent sets. This
choice is actually not ideal for studying nTGCs, because we find that measurements of nTGCs
at high-energy colliders are extremely sensitive to the pure gauge operators (2.2). As we show
in the present study, the pure gauge operators generate both nTGC vertices ZγZ∗ and Zγγ∗,
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which have enhanced energy power dependences ∝ E5, and can thus be probed with high
precision via the reaction e−e+→Zγ .
Inspecting further the pure gauge operators (2.2), we find that the operator OG3 does not
contribute to the nTGCs, and hence is irrelevant to the current study. Moreover, we find that
the operators OG4 and OG5 are not independent due to the relation
OG4 = 2OG5 , (2.3)
This follows from the Jacobi identity DβW µν+DµW νβ+DνW
µ
β = 0 , which leads to
B˜µν
〈
DαW
αβDβW
µν
〉
= −B˜µν〈DαWαβ(DµW νβ +DνW µβ )〉 = 2B˜µν
〈
DαW
αβDµW νβ
〉
. (2.4)
Furthermore, we can derive the relation,
OG5 = −OG1 , (2.5)
because integration by parts gives
B˜µν〈DαWαβDµW νβ 〉 ⇒
−B˜µν〈DµDαWαβW νβ 〉−〈DµB˜µνDαWαβW νβ 〉 = −B˜µν〈DµDαWαβW νβ 〉, (2.6)
where we have made use of the Bianchi identity DµB˜µν=0 [10]. Hence, we only need to study
the pure gauge operators {OG1, OG2} for the present analysis.
For convenience, we define the following two independent combinations of the pure gauge
operators {OG1, OG2}:
gOG+ = B˜µνW aµρ(DρDλW aνλ+DνDλW aλρ), (2.7a)
gOG− = B˜µνW aµρ(DρDλW aνλ−DνDλW aλρ). (2.7b)
Using the EOM, both of these operators can be related to a sum of operators with additional
Higgs doublets and additional fermion bilinears:
OG+ = { iH†B˜µνW µρ
[
Dρ, D
ν
]
H+ i 2(DρH)
†B˜µνW
µρDνH + h.c.}+OC− , (2.8a)
OG− = OB˜W +OC+ , (2.8b)
where OC+ and OC− denote the following dimension-8 fermionic contact operators:
OC+ = B˜µνW aµρ
[
Dρ(ψLT
aγνψL) +D
ν(ψLT
aγρψL)
]
, (2.9a)
OC− = B˜µνW aµρ
[
Dρ(ψLT
aγνψL)−Dν(ψLT aγρψL)
]
. (2.9b)
Inspecting the terms inside the { · · · } on the right-hand-side (RHS) of Eq.(2.8a), we note
that the first Higgs operator contains the commutator
[
Dρ, D
ν
]
, which can be replaced by
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a gauge field strength tensor. This part therefore has the same structure as the conventional
dimension-6 pure gauge operators once the Higgs field is set to its VEV 〈H〉=v/√2 , and thus
makes no contribution to the nTGCs. The second Higgs operator inside the { · · · } of Eq.(2.8a)
has at least 4 gauge fields in each vertex after setting 〈H〉= v/√2 , so it is also irrelevant to
the nTGCs. Since the EOMs apply to on-shell fields in any physical process, we conclude that
the contribution of the operator OG+ to the reaction e−e+→Zγ is equivalent to that of the
fermionic operator OC− on the RHS of Eq.(2.8a), which contributes to the eeZγ contact vertex
only. By power-counting on both sides of Eq.(2.8a), we can readily verify that the amplitude
T [e−e+→Zγ] ∝ E4 in the high-energy limit, so this reaction provides an extremely sensitive
probe of the new physics scale Λ associated with the pure gauge operator OG+ and thus the
nTGCs when E2M2Z . It provides the same probe for the fermionic operator OC− since it
is not independent according to Eq.(2.8a).
On the other hand, inspecting Eq.(2.8b), we first recall that the Higgs operator O
B˜W
makes
a contribution to the amplitude T [e−e+→ Zγ]∝E3v as we showed before [14]. Regarding
the fermion-bilinear operator OC+ on the RHS of Eq.(2.8b), it makes a contribution T [e−e+→
Zγ] ∝ E3MZ for the on-shell Zγ final state. Hence, the pure gauge operator OG− also makes
a contribution T [e−e+→ Zγ] ∝ E3v which is similar to that of the Higgs operator O
B˜W
,
and they both vanish when v→0 , as we noted in Ref. [14]. These observations suggest that
the operators OG− and OB˜W are much less sensitive to the nTGCs than the operator OG+ at
high-energy e+e− colliders, which we highlight in the following analysis.
In summary, Eq.(2.8a) shows that OC− is equivalent to OG+ for the reaction e−e+→ Zγ,
and thus can be dropped in the current analysis; while Eq.(2.8b) proves that OC+ is not
independent from OG+ and OB˜W . Hence, we are justified to choose OG+, OG−, and OB˜W as
the 3 remaining independent dimension-8 operators contributing to the e−e+→ Zγ process.
3 Analyzing Zγ Production with Hadronic Z Decays
In this Section, we analyze systematically the Zγ production with hadronic Z decays. We first
present the relevant cross sections and angular distribution in Section 3.1. Then, we discuss
the effects of including the dijet angular resolution at e+e− colliders in Section 3.2.
3.1 Cross Sections and Angular Distributions
The dimension-8 effective Lagrangian can be written as
∆L(dim-8) =
∑
j
c˜j
Λ˜4
Oj =
∑
j
sign(c˜j)
Λ4j
Oj , (3.1)
where each dimensionless coefficient c˜j may be O(1) and has possible signs sign(c˜j) = ± .
For each dimension-8 operator Oj , we define the corresponding effective UV cutoff scale
6
Figure 1: Kinematical structure of the reaction e+e−→ Zγ followed by the hadronic decays Z→ qq¯ ,
in the e+e− collision frame.
Λj ≡ Λ˜/|c˜j|1/4 .
We first derive the Feynman rules for the nTGC vertices as generated by the pure gauge
operator OG+. We find that OG+ contributes to both the ZγZ∗ and Zγγ∗ vertices in the
following forms:
ΓαβµZγZ∗+(q1, q2, q3) = −sign(c˜G+)
v(q23−M2Z)
MZΛ
4
(
q23 q2ν
αβµν+ 2qα2 q3νq2σ
βµνσ
)
, (3.2a)
ΓαβµZγγ∗+(q1, q2, q3) = −sign(c˜G+)
sWv q
2
3
cWMZΛ
4
(
q23 q2ν
αβµν+ 2qα2 q3νq2σ
βµνσ
)
, (3.2b)
where sign(c˜G+) = ± denotes the sign of the coefficient of the operator OG+. From the above,
we observe that the ZγZ∗ and Zγγ∗ vertices both have strong energy dependences ∝E5, and
thus can be probed sensitively at high energies via the reaction e−e+→Zγ .
We note that the contributions from the initial-state right-handed fermions to the sum of
the amplitudes T [ff¯→Z∗→Zγ] and T [ff¯→γ∗→Zγ] vanish. Denoting these two amplitudes
by T RZ∗ and T Rγ∗ respectively, we observe this cancellation by computing their ratio:
T RZ∗
T Rγ∗
=
ΓR
ff¯Z
ΓR
ff¯γ
× q
2
3
q23−M2Z
×Γ
αβµ
ZγZ∗+
ΓαβµZγγ∗+
= −sW
cW
× q
2
3
q23−M2Z
× cW (q
2
3−M2Z)
sW q
2
3
= −1 , (3.3)
which leads to T RZ∗ + T Rγ∗ = 0 . This cancellation can be understood from the observation that
the contributions of OG+ and OC− to the reaction e−e+→ Zγ are equivalent, as explained
below Eq.(2.9), and from the fact that the operatorOC− contains only the left-handed fermions
as shown in Eq.(2.9b).
Fig. 2 shows four types of Feynman diagrams that contribute to the reaction e−e+→qq¯ γ .
Diagram (a) arises from the nTGC contributions of the dimension-8 operators such as OG+
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(a)e+
e-
q
q
γ
Z,γ Z
(b)e+
e-
q
q
γ
Z,γ
(c)e+
e-
q
q
γ
Z,γ
(d)e+
e-
q
q
γ
Z
Figure 2: Feynman diagrams that contribute to the reaction e−e+→ γ qq¯ . Type (a) provides the
signals via the nTGC vertex Z∗Zγ or γ∗Zγ, arising from the relevant dimension-8 operator, while
types (b) and (c) give the SM backgrounds. Diagram (b) together with a similar u-channel diagram
for e−e+→Zγ→γqq¯ presents an irreducible background. Diagram (c) has the s-channel gauge-boson
exchange and final-state γ radiation, providing a reducible background. Diagram (d) arises from the
contact vertex eeZγ which is generated by the relevant dimension-8 fermion-bilinear operator.
or OG− . Diagrams (b) and (c) give the SM background contributions, where diagram (c)
is a reducible background that can be suppressed effectively by the invariant-mass cut for
the on-shell Z boson. Finally, diagram (d) denotes the possible eeZA contact contribution
from dimension-8 fermion-bilinear operators such as OC+. In view of the reducibility of the
background from the diagram (c), for our analytical analysis we first calculate the on-shell Zγ
production given by diagrams (a) and (b), as we did before when analyzing the nTGC operator
O
B˜W
[14]. Also, we take the conventional approach of treating each operator individually, and
consider later the contribution of the dimension-8 fermion-bilinear operators via diagram (d).
Applying the lower angular cut sin θ > sin δ with δ  1 , we find the following total cross
section for e+e−→ Zγ , including the contributions of OG+ and summing over the final state
Z polarizations:
σ+(Zγ) =
e4(c2L+c
2
R)
[−(s−M2Z)2−2(s2+M4Z) ln sin δ2 ]
8pis2W c
2
W (s−M2Z)s2
+ sign(c˜G+)
e2cLxLM
2
Z(s−M2Z)
4pisW cW s
1
Λ4
(3.4)
+
x2L(s+M
2
Z)(s−M2Z)3
48pi s
1
Λ8
+O(δ) ,
where c˜+ is the coefficient of the dimension-8 operator1 OG+ and the factor xL = 12 is from
the weak coupling of W3 . In Eq.(3.4), the coefficients (cL, cR) = (− 12 +s2W , s2W ) arise from
the (left, right)-handed gauge couplings of electrons to Z boson. The differential cross section
depends on the three kinematical angles (θ, θ∗, φ∗), where θ is the polar scattering angle
describing the direction of the outgoing Z relative to the initial state e− (cf. Fig.1), θ∗ denotes
the angle between the direction opposite to the final-state γ and the final-state q direction in
the Z rest frame, and φ∗ is the angle between the scattering plane and the decay plane of Z
1The same formula holds for the operator O
C− because its contribution to the reaction e
+e−→ Zγ is
equivalent to that of O
G+
, as we explained below Eq.(2.9).
8
in the e+e− center-of-mass frame (cf. Fig.1).
We define the normalized angular distribution functions as follows:
f jξ =
1
σj
dσj
dξ
, (3.5)
where the angles ξ ∈ (θ, θ∗, φ∗), and the cross sections σj (j = 0, 1, 2) represent the SM con-
tribution (σ0), the O(Λ−4) contribution (σ1), and the O(Λ−8) contribution (σ2), respectively.
For the normalized azimuthal angular distribution functions f jφ∗ , we derive the following:
f0φ∗ =
1
2pi
+
3pi2(c2L−c2R)2MZ
√
s (s+M2Z) cosφ∗− 8(c2L+c2R)2M2Z s cos2φ∗
16pi(c2L+c
2
R)
2
[
(s−M2Z)2+ 2(s2+M4Z) ln sin δ2
] +O(δ), (3.6a)
f1φ∗+ =
1
2pi
− 3pi(q
2
L−q2R)(M2Z + 5s) cosφ∗
256(q2L+q
2
R)MZ
√
s
+
s cos 2φ∗
8piM2Z
+O(δ), (3.6b)
f2φ∗+ =
1
2pi
− 9pi(q
2
L−q2R)MZ
√
s cosφ∗
128(q2L+q
2
R)(s+M
2
Z)
+O(δ), (3.6c)
where the coefficients (cL, cR) are already defined below Eq.(3.4), and the coefficients (qL, qR)=
(T3−Qs2W , −Qs2W ) correspond to the gauge couplings of the (left, right)-handed quarks to Z
boson, with Q being the electric charge of the quark and T3 = ± 12 .
We present these φ∗ distributions in Fig. 3. We see that the interference contributions of
O(Λ−4) (red curves) are mainly ∝ cos 2φ∗, except in the case of the relatively lower collider
energy
√
s =250GeV as shown in plot (a), which has some visible deviations from cos 2φ∗. This
is because the f 1φ∗+ distribution (3.6b) is dominated by the cos 2φ∗ term, which has a significant
energy enhancement factor ∝ s/M2Z , whereas the SM contributions (black curves) are nearly
flat. The same feature also holds for the squared dimension-8 contributions ofO(Λ−8), depicted
as blue dashed curves, which are quite flat except for the case of
√
s = 250GeV, as also seen
in plot (a).2 This is because both the f 0φ∗ and f
2
φ∗+ distributions [Eqs.(3.6a) and (3.6c)] are
dominated by the constant term 1
2pi
and the φ∗-dependent terms are suppressed by MZ/
√
s
when sM2Z . So it is expected that only the case of the lower collider energy
√
s =250GeV
in plot (a) shows a visible cosφ∗ dependence for the O(Λ−8) contributions, while in all the
higher-energy cases with
√
s & 500GeV the SM distributions (black curves) and the squared
contributions (blue dashed curves) are essentially flat.
Next, we find that the operator OG− does not contribute to the ZγZ∗ coupling for on-shell
gauge bosons Z and γ . Computing the OG− contribution to the nTGC coupling Zγγ∗, we
derive the following Feynman vertex:
i ΓαβµZγγ∗−(q1, q2, q3) = −sign(c˜−)
sWvMZ
cWΛ
4
αβµνq2νq
2
3 , (3.7)
2For the following analysis of sensitivities to probing the new physics scale Λ in Sec. 4, we retain the Λ-
dependent contributions only up to O(Λ−4) and drop systematically the O(Λ−8) contributions, since the latter
are generally negligible, in view of the severe suppression of O(Λ−8) for the large values of Λ that are probed
via the hadronic decay channels Z→qq¯ in the present study.
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(b)
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500 GeV
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dσ σdϕ
*
1 TeV
(d)
SMΛ-4Λ-8
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-40
-20
0
20
40
ϕ*
dσ σdϕ
*
3 TeV
Figure 3: Normalized angular distributions in the azimuthal angle φ∗ for e−e+→ Zγ followed by
Z→ dd¯ decays, as generated by OG+ at the collision energies
√
s = (0.25, 0.5, 1, 3)TeV, respectively.
In each plot, the black, red, and blue curves denote the contributions from the SM, the interference
term of O(Λ−4), and the quadratic term of O(Λ−8), respectively, where we note that the blue and
black curves almost coincide. We have imposed a basic cut on the polar scattering angle, sin θ > sin δ,
with δ = 0.2 for illustration.
for on-shell gauge bosons Z and γ plus a virtual photon γ∗. In the above formula, sign(c−) = ±
denotes the sign of the coefficient of the operator OG−.
For comparison, the Higgs-related dimension-8 operator O
B˜W
yields the following effective
ZγZ∗ coupling in momentum space [14]:
i Γαβµ
ZγZ∗(B˜W )
(q1, q2, q3) = sign(c˜B˜W )
vMZ(q
2
3−M2Z)
Λ4
αβµνq2ν . (3.8)
This operator also makes no contribution to the Zγγ∗ coupling for on-shell gauge bosons Z
and γ , as we noted before in Ref. [14].
The fermion-bilinear operator OC+ contributes the following effective contact vertex ff¯Zγ
when the four external fields are on-shell:
i Γαβ
Zγff¯
(q1, q2) = −sign(c˜C+)
2M2ZT3
Λ4
αβµνq2νγµPL , (3.9)
where PL =
1
2
(1−γ5) and T3 = ± 12 . For comparison, we consider another fermion-bilinear
operator OC−, and derive its contribution to the effective contact vertex ff¯Zγ with the four
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external fields being on-shell:
i Γαβ
Zγff¯
(q1, q2) = −sign(c˜C−)
2T3
Λ4
(
q23 q2ν
αβµν+ 2qα2 q3νq2σ
βµνσ
)
γµPL . (3.10)
We can compare this with the nTGC vertices (3.2) by the contribution of OG+. We observe
that they share the same kinematic structure. Namely, Eq.(3.2) contributes to the reaction
ff¯ → Zγ via the s-channel Z∗ and γ∗ exchanges, and we find that the on-shell amplitude
T [ff¯→Zγ] induced by OG+ is exactly the same as that contributed by the above ff¯Zγ
contact vertex (3.10) of OC−, as we have expected.
Applying a basic angular cut sin θ > sin δ with δ  1, we derive the following total cross
section for the on-shell Zγ production, including any given nTGC operator Oj and summing
over the final-state Z polarizations:
σ(Zγ) =
e4(c2L+c
2
R)
[−(s−M2Z)2−2(s2+M4Z) ln sin δ2 ]
8pis2W c
2
W (s−M2Z)s2
+ sign(c˜j)
e2(cLxL−cRxR)M2Z(s−M2Z)(s+M2Z)
8pisW cW s
2
1
Λ4
(3.11)
+
(x2L+x
2
R)M
2
Z(s+M
2
Z)(s−M2Z)3
48pi s2
1
Λ8
+O(δ) ,
where the relevant coupling coefficients (xL, xR) are defined as
(xL, xR) = (s
2
W , s
2
W ), (for Oj = OG−), (3.12a)
(xL, xR) =
(− 1
2
+s2W , s
2
W
)
, (for Oj = OB˜W ), (3.12b)
(xL, xR) = (
1
2
, 0), (for Oj = OC+). (3.12c)
Then, we derive the normalized angular distribution functions f jφ∗ for quarks,
f 0φ∗ =
1
2pi
+
3pi2c2−q2−MZ
√
s (s+M2Z) cosφ∗− 8c2+q2+M2Z s cos2φ∗
16pic2LR+q
2
+
[
(s−M2Z)2+ 2(s2+M4Z) ln sin δ2
] +O(δ), (3.13a)
f 1φ∗ =
1
2pi
− 9pi(cLxL+cRxR)(q
2
L−q2R)
√
s cosφ∗
128(cLxL−cRxR)(q2L+q2R)MZ
+
s cos2φ∗
4pi(s+M2Z)
+O(δ), (3.13b)
f 2φ∗ =
1
2pi
− 9pi(x
2
L−x2R)(q2L−q2R)MZ
√
s cosφ∗
128(x2L+x
2
R)(q
2
L+q
2
R)(s+M
2
Z)
+O(δ) , (3.13c)
with the coefficients (c2±, q2±) = (c2L ± c2R, q2L ± q2R). Here the left-handed and right-handed
lepton and quark couplings to the gauge boson Z are given by
(cL, cR) =
(− 1
2
+s2W , s
2
W
)
, (qL, qR) =
(
T3−Qs2W , −Qs2W
)
, (3.14a)
where T3 = ( 12 , − 12 ) and Q = ( 23 , − 13 ) correspond to the (up, down)-type quarks, respec-
tively. In Eq.(3.13) we have also imposed a lower cutoff δ (1) on the polar scattering angle,
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sin θ > sin δ , which corresponds to a lower cut on the transverse momentum of the final-state
photon, P γT > q sin δ .
We find that the above distribution f jφ∗ is not optimal for analyzing the operator OG−.
Instead, we construct the following angular distributions for OG−:
f˜ jφ∗ =
1
σj
∫
dθdθ∗ sign(cos θ)sign(cos θ∗)
d3σj
dθ dθ∗dφ∗
. (3.15)
With this, we derive the following angular distributions including the contributions of OG−:
f˜ 0φ∗− =
3(c2L−c2R)(q2L−q2R)
8pi(c2L+c
2
R)(q
2
L+q
2
R)
+O(δ) , (3.16a)
f˜ 1φ∗− =
3(cLxL+cRxR)(q
2
L−q2R)M2Z
16pi(cLxL−cRxR)(q2L+q2R)(s+M2Z)
− s
3
2 cosφ∗
4piMZ(s+M
2
Z)
+O(δ) , (3.16b)
f˜ 2φ∗− =
MZ
√
s cosφ∗
8pi(s+M2Z)
+O(δ) . (3.16c)
The motivation and use of the above distributions is explained further in Section 4.2. Here we
present the angular distributions (3.16) in Fig.4. We see from Eq.(3.16b) that the distribution
f 1φ∗ from the O(Λ
−4) interference contribution is dominated by the term ∝− cosφ∗ with energy
enhancement
√
s/MZ . On the other hand, Eq.(3.16a) shows that the leading SM contribution
to f 0φ∗ is a constant and independent of the collider energy
√
s , while the distribution f 2φ∗
from the squared O(Λ−8) contribution in Eq.(3.16c) is proportional to cosφ∗ and suppressed
by MZ/
√
s at high energies. These analytical features of f jφ∗ enable us to understand why the
red curve in each plot of Fig. 4 shows clear behaviour ∝− cosφ∗ for the O(Λ−4) interference
contribution. Moreover, we see that the SM contributions (black curves) are essentially flat,
whereas the O(Λ−8) squared contributions (blue curves) are highly suppressed by MZ/
√
s , so
as to be nearly flat except in the case of the relatively low collider energy
√
s = 250GeV,
which exhibits minor fluctuations in accord with the analytic behaviour ∝ cosφ∗ .
The angular distributions f jφ∗ of the operators OB˜W and OC+ are given in Eq.(3.13). We
present these distributions for O
B˜W
and OC+ in Figs. 5 and 6, respectively. We see that the
distributions have rather similar shapes in the two figures. This is because the distribution
f 1φ∗ of the interference contribution of O(Λ
−4) is dominated by the cosφ∗ term, which has the
enhanced energy factor
√
s /MZ , while the distributions f 0φ∗ and f
2
φ∗ are mainly dominated by
the constant term 1
2pi
. This explains why in Figs.5 and 6 the f 1φ∗ distributions (red curves)
have shapes similar to cosφ∗, and the distributions f 0φ∗ and f
2
φ∗ are nearly flat except the
case of the relatively low collider energy
√
s = 250GeV in Fig.6(a) where f 2φ∗ (blue dashed
curve) shows some small deviations. In fact, the major difference between Figs.5 and 6 is
only in the overall magnitudes of the distributions f 1φ∗ (red curves). We can understand this
difference by inspecting the leading terms ∝ cosφ∗ in the formula (3.13b) for the operators
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Figure 4: Normalized angular distributions in the azimuthal angle φ∗ for e−e+→ Zγ followed by
Z→dd¯ decays, as generated by OG− at collision energies
√
s = (0.25, 0.5, 1, 3)TeV, respectively. In
each plot, the black, red, and blue curves denote the contributions from the SM, the interference term
of O(Λ−4), and the quadratic term of O(Λ−8), respectively, where we note that the blue and black
curves almost coincide. We have imposed a basic cut on the polar scattering angle, sin θ > sin δ, with
δ = 0.2 for illustration.
O
B˜W
and OC+ . Using the couplings given in Eq.(3.12), we can readily estimate the ratio of
their couplings appearing in the cosφ∗ term of Eq.(3.13b):
Rq=d =
(cLxL+cRxR)(q
2
L−q2R)
(cLxL−cRxR)(q2L+q2R)
'
{
6.26, (for O
B˜W
),
0.936, (for OC+);
(3.17a)
Rq=u =
(cLxL+cRxR)(q
2
L−q2R)
(cLxL−cRxR)(q2L+q2R)
'
{
4.47, (for O
B˜W
),
0.669, (for OC+);
(3.17b)
where the couplings depend on the weak mixing angle θW and we have input the MS value
s2W = 0.23122± 0.00003 (µ = MZ) [24]. This immediately explains why the overall size of the
f 1φ∗ distribution for OB˜W is larger than that for OC+ by about a factor of 6.26/0.936' 6.7
for down-type quarks (q= d, s, b), and 4.47/0.669' 6.7 for up-type quarks (q=u, c), as seen
in Figs.5 and 6. For the operator O
B˜W
, we can further compare the f 1φ∗ distribution in Fig.5
for the hadronic decay channel Z → dd¯ with the same f 1φ∗ distribution computed for the
leptonic decay channel Z→ `¯` in our previous study [14] (see its Fig.4). In the case of the
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Figure 5: Normalized angular distributions in the azimuthal angle φ∗ for e−e+→ Zγ followed by
Z→ dd¯ decays, as generated by O
B˜W
at the collision energies
√
s = (0.25, 0.5, 1, 3)TeV, respectively.
In each plot, the black, red, and blue curves denote the contributions from the SM, the interference
term of O(Λ−4), and the quadratic term of O(Λ−8), respectively, where we note that the blue and
black curves almost coincide. We have imposed a basic cut on the polar scattering angle, sin θ > sin δ,
with δ = 0.2 for illustration.
Z→ `¯` channel, for the operator O
B˜W
, the corresponding coupling ratio factor appearing in
the leading term ∝ cosφ∗ of f 1φ∗ becomes
R` =
(c2L+c
2
R)(c
2
L−c2R)
(c2L−c2R)(c2L+c2R)
= 1 . (3.18)
This explains why the overall size of the f 1φ∗ distribution in hadronic Z decays in the current
Fig.5 is larger than that of the analogous f 1φ∗ distribution in leptonic Z decays (cf. Fig.4 of
Ref. [14]) by a significant factor Rq/R` ≈ 6.3 for down-type quarks and Rq/R` ≈ 4.5 for
up-type quarks.
In general, we find that our current study of the hadronic decay channels Z→ qq¯ can
give bounds on the new physics scale Λ that are substantially stronger than the leptonic and
invisible Z-decay channels studied previously [14]. The reason for this can be traced back to the
fact that the ff¯Z coupling combination (q2L−q2R) for quarks, which appears in the interference
term of O(Λ−4), is much larger than the coupling combination (c2L− c2R) for the leptonic
channels. For up- and down-type quarks, their gauge couplings (u2L, u2R) ' (0.1197, 0.0237)
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Figure 6: Normalized angular distributions in the azimuthal angle φ∗ for e−e+→ Zγ followed by
Z → dd¯ decays, as generated by OC+ at the collision energies
√
s = (0.25, 0.5, 1, 3) TeV, respectively.
In each plot, the black, red, and blue curves denote the contributions from the SM, the interference
term of O(Λ−4), and the quadratic term of O(Λ−8), respectively, where we note that the blue and
black curves almost coincide. We have imposed a simple cut on the scattering angle, sin θ > sin δ,
with δ = 0.2 for illustration.
and (d2L, d2R) ' (0.1789, 0.0059), so the quark final states are mostly left-handed. We note
also that for down-type quarks, q2−/q2+ = (q2L−q2R)/(q2L+q2R) ≈ 0.94 , unlike the case of the
leptonic channel which has c2−/c2+ = (c2L−c2R)/(c2L+c2R) ≈ 0.15 1 .
3.2 Including the Dijet Angular Resolution
As we will show in Section 4, our current study of discriminating the signals from backgrounds
will depend on the φ∗ distributions (cf. Section 3.1) and the imposed angular cuts. This requires
a precise determination of the azimuthal angle φ∗ . But, the accuracy of the φ∗ measurement
depends on the jet angular resolution δφj . This is because the φ∗ measurement depends
on the determination of the decay plane of Z→ qq¯ and thus is sensitive to the jet angular
resolution δφj . The Z boson energy is determined by EZ =
√
s
2
(
1+
M2Z
s
)
, which increases with
the collider energy. For the energetic fast-moving Z , the dijets from Z decays tend to be
colinear and their opening angle ∆jj becomes smaller for larger
√
s . From the kinematics of
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Figure 7: Comparison between the true value and reconstructed value of the azimuthal angle φ∗ at√
s = 250GeV [plot (a)],
√
s = 3TeV [plot (b)], and
√
s = 5TeV [plot (c)].
Z→qq¯ , we derive a bound:
cos ∆jj 6 1−
8M2Z
s
(
1+
M2Z
s
)−2
. (3.19)
For a small opening angle ∆jj 1 , this results in a lower bound:
∆jj &
4MZ√
s
(
1+
M2Z
s
)−1
. (3.20)
For a jet with azimuthal angle φj and angular resolution δφj, the largest effect of δφj on φ∗
is to have the variation δφj perpendicular to the Z decay plane and thus we obtain an upper
bound on the resultant uncertainty of φ∗, namely, δφ∗. δφj/∆jj .
We assume that the jet angular resolution at e+e− colliders is the same as that of the
current LHC CMS detector [26], namely, δφj =0.01 and δηj =0.01 for both the jet azimuthal
angle φj and the jet rapidity ηj . We input the angular parameters (θ, θ∗, φ∗) to determine
the jet momenta ~kj = (k
j
x, k
j
y, k
j
z) (for j = 1, 2) which can be re-expressed as functions of
the jet transverse momentum, rapidity and azimuthal angle ~kj = ~kj(k
j
T , ηj, φj). With these
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we can compute the true value of ηj and φj in the collision frame, and then calculate the
reconstructed momenta by including the angular resolutions in ~kj = ~kj(k
j
T , ηj+ δηj, φj+ δφj).
Here we take the uncertainties δηj and δφj as random numbers obeying normal distributions
with standard deviations 0.01. Thus, we can use ηj+δηj and φj+δφj to reconstruct φ∗, where
the scattering plane is well determined by the directions of the incident e− and outgoing γ
(along the scattering angle θ) with negligible errors. Naively, the jet momenta (~k1, ~k2) and
the γ momentum ~q2 should be in the same plane in the collision frame, but they are not
measured to be exactly in the same plane, because of the soft gluon radiations from the jets
and the measurement errors. The 3-momentum of Z can be fixed by that of the final state
photon, ~q1 = −~q2 , because the photon 3-momentum ~q2 can be measured accurately. Thus,
we can compare the angles, ∆1 ≡ arccos [~q1 · ~k1/(|~q1||~k1|)] and ∆2 ≡ arccos [~q1 · ~k2/(|~q1||~k2|)].
If ∆1 >∆2, we choose (~q1, ~k1) to reconstruct the Z-decay plane and thus φ∗ , otherwise we
choose (~q1, ~k2). We present in Fig.7 a comparison of the true and reconstructed values of φ∗
for three sample cases of collider energies
√
s = 250GeV [plot (a)],
√
s = 3TeV [plot (b)], and√
s =5TeV [plot (c)]. It shows that the deviation δφ∗≈0.04 for
√
s=250GeV, while δφ∗≈0.06
for
√
s= 3TeV, and δφ∗ ≈ 0.1 for
√
s= 5TeV. The reason that a higher collision energy
√
s
causes a larger δφ∗ is because a higher
√
s will generate a larger Z boson energy EZ and thus a
smaller dijet opening angle ∆jj in the hadronic decays Z→qq¯ . This in turn will cause a larger
uncertainty in determining the Z-decay plane and thus a larger error δφ∗ in the azimuthal
angle φ∗ .
When we compute the cross sections and the observable Oc1 (cf. Section 4), we note that
the azimuthal angle smearing δφ∗ can play a role only for values of φ∗ near the boundaries
of the φ∗ cuts, because the points far away from the cut boundaries cannot cross them due
to the small uncertainty δφ∗ . As we will show further in Section 4.1, for the observable Oc1
or the cross sections (after φ∗ cuts), the relative error is actually ∝ δφ2∗ and thus is much
smaller. We can make numerical simulations on such an error in Oc1 based on the uncertainty
δφ∗ caused by the finite jet angular resolution. We find that at
√
s = (0.25, 0.5, 1, 3, 5)TeV,
the uncertainty δφ∗ could cause a relative error of the order of (10−5, 10−5, 10−4, 10−3, 10−2)
in the observable Oc1, respectively. Moreover, we find that the error of the SM background
cross section σc0 under the φ∗ cuts (cf. Section 4) is O(10−4), so the effect due to the δφ∗ error
is negligible in most cases. For our practical analyses of the sensitivities to the new physics
scales Λ in the next Section, we include the effects of δφ∗ uncertainty in our simulations.
4 Probing nTGCs by Zγ Production with Hadronic Z Decays
We analyze in this Section the sensitivities of probing the contributions of dimension-8 oper-
ators to nTGCs in the reaction e−e+→Zγ followed by hadronic Z decays. We also compare
them with the sensitivities by using the leptonic Z-decay channels. As we discussed in Sec-
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tion 2, there are only 3 independent operators under the EOM. We first present our analysis
of the sensitivities to each of the four operators (OG+, OG−, OB˜W , OC+) following the con-
ventional approach of one operator at a time, where we keep in mind the possibility that the
dynamics beyond the SM might generate any one of these operators by itself. Finally, in the
last part of this Section we present our analysis of fitting pairs among these four operators
and study the correlations between each pair of operators.
4.1 Probing Dimension-8 Pure Gauge Operator OG+
In this Subsection, we analyze the contribution of the pure gauge operator OG+ to the reaction
e−e+→ Zγ using the hadronic decays Z→ qq¯ . We find that the sensitivity to Λ is greatly
enhanced as compared to our previous study via the leptonic decay channels Z→ `¯` [14].
In consequence, the squared contribution of O(Λ−8) is severely suppressed relative to the
interference term of O(Λ−4), and thus can be safely neglected. Hence, we can focus on the
interference contributions in the following analysis.
From Eq.(3.6c), we note that the cos 2φ∗ term dominates f 1φ∗ . Thus, we can construct the
following observable Oc1 :
Oc1 ≡
∣∣∣∣σ1∫ dθdθ∗dφ∗dM∗ f (4)j sign(cos2φ∗)∣∣∣∣ , (4.1)
where
f
(4)
j =
d4σj
σj dθ dθ∗dφ∗dM∗
. (4.2)
For other kinematic variables, we impose cuts on the transverse momentum of each final state
quark PqT > 0.2Pq and on the invariant-mass M(qγ)>0.1
√
s to remove the soft or collinear
divergences due to the diagram in Fig. 2(c), and |M(qq¯)−MZ |< 10GeV to satisfy the nearly
on-shell condition for the Z boson. We also place cuts on the polar scattering angle θ that are
the same as in [14]. For the φ∗ distribution, we require | cos 2φ∗|> 0.394 . We use the Monte
Carlo method to compute numerically the contributions of all the relevant diagrams in Fig.2.
In the case of hadronic decays Z → qq¯ with up-type-quark final states q = u, c, we obtain
the following results for the SM cross section σc0 and the interference contribution Oc1 of the
nTGC operator OG+,
√
s = 250GeV, (σc0, Oc1) =
(
371, 0.68
(
TeV
Λ
)4)
fb , (4.3a)
√
s = 500GeV, (σc0, Oc1) =
(
81.1, 3.30
(
TeV
Λ
)4)
fb , (4.3b)
√
s = 1TeV, (σc0, Oc1) =
(
20.0, 13.9
(
TeV
Λ
)4)
fb , (4.3c)
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√
s = 3TeV, (σc0, Oc1) =
(
2.30, 128
(
TeV
Λ
)4)
fb , (4.3d)
√
s = 5TeV, (σc0, Oc1) =
(
0.838, 355
(
TeV
Λ
)4)
fb . (4.3e)
In the above and following numerical analyses, we have computed Oc1 and σc0 for the reaction
e−e+→q q¯ γ , as shown in Fig. 2. For hadronic decays Z→ qq¯ with the down-type-quark final
states q = d, s, b, we derive the following results:
√
s = 250GeV, (σc0, Oc1) =
(
472, 0.878
(
TeV
Λ
)4)
fb , (4.4a)
√
s = 500GeV, (σc0, Oc1) =
(
103, 4.24
(
TeV
Λ
)4)
fb , (4.4b)
√
s = 1TeV, (σc0, Oc1) =
(
25.5, 18
(
TeV
Λ
)4)
fb , (4.4c)
√
s = 3TeV, (σc0, Oc1) =
(
2.95, 165
(
TeV
Λ
)4)
fb , (4.4d)
√
s = 5TeV, (σc0, Oc1) =
(
1.07, 458
(
TeV
Λ
)4)
fb . (4.4e)
Using the above results, we derive the combined signal significance,
Z '
√
2Z2u+ 3Z2d , (4.5)
where the signal significance Zu (Zd) corresponds to the contribution from each final-state up-
type-quark (down-type-quark). In Eq.(4.5), the coefficient 2 for Z2u denotes the contributions
of the two up-type quarks q = u, c and the coefficient 3 for Z2d denotes the contributions
of three down-type quarks q= d, s, b . The combined signal significance Z has the following
values for each e+e− collider energy, with a sample integrated luminosity of L = 2 ab−1 at
each energy:
√
s = 250GeV, Z = 3.85
(
TeV
Λ
)4
×√ , (4.6a)
√
s = 500GeV, Z = 2.49
(
2TeV
Λ
)4
×√ , (4.6b)
√
s = 1TeV, Z = 4.19
(
3TeV
Λ
)4
×√ , (4.6c)
√
s = 3TeV, Z = 2.24
(
8TeV
Λ
)4
×√ , (4.6d)
√
s = 5TeV, Z = 4.22
(
10TeV
Λ
)4
×√ , (4.6e)
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√
s 250GeV 500GeV 1TeV 3TeV 5TeV
Λ2σG+ 1.2 1.3 2.1 2.3 3.6 3.9 8.2 9.2 12.0 13.4
Λ5σG+ 0.94 1.0 1.7 1.9 2.9 3.2 6.5 7.2 9.6 10.8
Λ2σG− 0.80 0.90 1.2 1.3 1.7 1.9 3.0 3.3 3.9 4.4
Λ5σG− 0.64 0.72 1.0 1.1 1.4 1.6 2.4 2.7 3.1 3.4
Λ2σ
B˜W
1.1 1.2 1.6 1.8 2.3 2.6 3.9 4.3 5.1 5.7
Λ5σ
B˜W
0.87 0.97 1.3 1.4 1.8 2.0 3.1 3.5 4.0 4.5
Λ2σC+ 1.1 1.2 1.6 1.8 2.3 2.6 3.9 4.4 5.1 5.7
Λ5σC+ 0.87 0.97 1.3 1.4 1.8 2.0 3.1 3.4 4.0 4.5
Table 1: Sensitivity reaches of the new physics scale Λ (in TeV) for each of the dimension-8 nTGC
operators (OG+, OG−, OB˜W ,OC+), at the 2σ (exclusion) and 5σ (discovery) levels, as obtained from
the reaction e−e+→Zγ→ qq¯γ at different collider energies with unpolarized e∓ beams. For illustra-
tion, we have input two sample representative integrated luminosities L= 2 ab−1 (in blue color) and
5 ab−1 (in red color), and an ideal detection efficiency  =100% .
where  denotes the detection efficiency.
At high energies s  M2Z , we can deduce the following scaling relation for the signal
significance,
Z ∝ s
3
2
Λ4
√
Br(q)×L× , (4.7)
Thus, for a given signal significance Z , the corresponding reach of the new physics scale Λ
scales as follows:
Λ ∝ (√s )34 × [Br(q)×L× ] 18Z 14 , (4.8)
where we denote the hadronic branching fraction Br(q)≡Br[Z→qq¯] . For the dependence on
Br(q) in Eq.(4.8), we have assumed that the SM backgrounds are dominated by the irreducible
background of the diagram (b) in Fig. 2. Under kinematical cuts to single out the on-shell Zγ
final state, we find that the other background of diagram (c) can be sufficiently suppressed,
and thus the scaling relation Λ ∝ [Br(q)]1/8 works well.
Using the combined signal significances given in Eq.(4.6), we can evaluate numerically
the sensitivity reaches on the new physics scale Λ associated with the dimension-8 nTGC
operator OG+ assuming a sample integrated luminosity L = 2 ab−1. We present in Table 1
our findings for the sensitivity reaches of Λ (in TeV) at the 2σ level (2nd column) and 5σ
level (3rd column), respectively. It is very impressive to see that the new physics scale can be
probed up to Λ = 1.2 (0.94)TeV at 2σ (5σ) level for the collider energy
√
s = 250GeV, and
Λ = 8.2 (6.5)TeV at 2σ (5σ) level for
√
s = 3TeV. At a collision energy
√
s = 5TeV, we see
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√
s 250GeV 500GeV 1TeV 3TeV 5TeV
Λ2σG+ 1.4 1.6 2.5 2.7 4.3 4.7 9.8 11.0 14.2 15.9
Λ5σG+ 1.1 1.2 2.0 2.2 3.4 3.7 7.8 8.6 11.3 12.7
Λ2σG− 1.0 1.1 1.5 1.7 2.2 2.4 3.8 4.2 4.9 5.5
Λ5σG− 0.81 0.89 1.2 1.3 1.7 1.9 3.0 3.3 3.9 4.4
Λ2σ
B˜W
1.2 1.3 1.7 1.9 2.3 2.6 4.1 4.5 5.3 5.9
Λ5σ
B˜W
0.94 1.0 1.3 1.4 1.9 2.1 3.2 3.6 4.2 4.7
Λ2σC+ 1.4 1.6 2.0 2.2 2.6 2.9 4.8 5.2 6.1 6.8
Λ5σC+ 1.1 1.2 1.5 1.7 2.2 2.4 3.7 4.1 4.9 5.5
Table 2: Same as in Table 1, but for polarized e∓ beams with (P eL, P e¯R) = (0.9, 0.65).
that the new physics scale can be probed up to Λ = 12 (9.6)TeV at the 2σ (5σ) level, which is
Λ = O(10TeV). Eq.(4.8) shows that the new physics scale Λ has a rather weak dependence
on the signal significance Z via Λ ∝ Z−1/4. Thus, the lower bounds on Λ at 2σ and 5σ levels
are connected by
Λ5σ
Λ2σ
=
(
2
5
)1/4
' 0.80 . (4.9)
These two bounds differ by only 20%, so they are quite close, as expected.
Next, we study the effects of e∓ beam polarizations. We define P eL (P e¯R) as the fractions
of left-handed (right-handed) electrons (positrons) in the beam,3 where the unpolarized e−
(e+) beam has 50% left-handed e− (right-handed e+). Thus, we can substitute (c2L, c2R) →
(4P eLP
e¯
Rc
2
L, 4(1−P eL)(1−P e¯R)c2R) in the above formulae for unpolarized beams to obtain the
results for partially-polarized beams. With these, we derive the following formulae for the
case of the partially-polarized e∓ beams:
Oc1(P eL, P e¯R) = 4P eLP e¯ROc1(0.5, 0.5) , (4.10a)
σc0(P
e
L, P
e¯
R) = 4
P eLP
e¯
Rc
2
L+(1−P eL)(1−P e¯R)c2R
c2L+ c
2
R
σc0(0.5, 0.5) . (4.10b)
Using the above equations, we can estimate the sensitivity reaches for the case of the par-
tially polarized e∓ beams. We input the nominal polarizations (P eL, P e¯R) = (0.9, 0.65) for the
numerical analyses.
With these, we derive in Table 2 the sensitivity reaches of Λ (in TeV) at the 2σ level (2nd
column) and 5σ level (3rd column), respectively, for a polarized electron beam (P eL = 0.9)
3The degrees of polarizations for e− and e+ can be defined as P̂ e=P eL−P eR and P̂ e¯=P e¯R−P e¯L , respectively.
Since the sum of left-handed and right-handed fractions equals one, we may express the left-handed and
right-handed fractions of e− and e+ as, P eL,R=
1
2 (1±P̂ e) and P e¯R,L= 12 (1±P̂ e¯), respectively.
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Figure 8: Reaches of the new physics scale Λ as functions of the e+e− collision energy
√
s . In each
plot, the combined sensitivities for the different dimension-8 operators are presented at 2σ and 5σ
levels, as shown by the solid and dashed curves, respectively. The plots (a) and (c) are for unpolarized
e∓ beams, while the plots (b) and (d) are for polarized e∓ beams with (P eL, P
e¯
R) = (0.9, 0.65). The
plots (a) and (b) have input a sample integrated luminosity L = 2 ab−1, while the plots (c) and (d)
have used as input a sample of L=5 ab−1.
and positron beam (P e¯R = 0.65). Table 2 shows that for the polarized e∓ beams, the new
physics scale can be probed up to Λ = 1.4 (1.1)TeV at 2σ (5σ) level for the collider energy√
s = 250GeV, and Λ = 9.8 (7.8)TeV at 2σ (5σ) level for the collider energy
√
s = 3TeV.
In comparison with the unpolarized case (Table 1), we see that when using the polarized e∓
beams, the sensitivity to the new physics scale Λ is increased by 17% for the collider energy√
s = 250GeV and by 20% for
√
s = 3TeV.
We present our findings in Fig. 8, where the reaches of the new physics scale Λ are plotted
as functions of the collider energy
√
s (in TeV). The red solid (dashed) curves show the 2σ
(5σ) reach of Λ for the dimension-8 pure gauge operator OG+. The plots (a) and (c) give
results for the case of unpolarized e∓ beams, whereas the plots (b) and (d) show results for
the case of polarized e∓ beams with (P eL, P e¯R) = (0.9, 0.65). In addition, the plots (a) and (b)
22
input a sample integrated luminosity L= 2 ab−1, while the plots (c) and (d) adopt another
sample input L= 5 ab−1. From the scaling relation (4.8), we see that the new physics scale
has a rather weak dependence on the integrated luminosity, Λ ∝ L1/8 , which holds for all
dimension-8 effective operators. Thus, we deduce that increasing the integrated luminosity
from 2 ab−1 to 5 ab−1 could enhance the sensitivity reach of the new physics scale Λ by a
factor
Λ(5ab−1)
Λ(2ab−1)
=
(
5
2
)1/8
' 1.12 , (4.11)
which is about 12% improvement for both the unpolarized and polarized e∓ beams. This
improvement is reflected in plots (c) and (d). In Fig. 8, we also present the sensitivity reaches
of Λ for other nTGC operators, which are discussed in the following subsections.
4.2 Probing Dimension-8 Pure Gauge Operator OG−
In this case, the leading term in the differential cross section at O(Λ−4) is proportional to
<e[T L(8)(0±)T T∗sm (∓±)]sin θ sin θ∗
∝ v
2
√
s
Λ4MZ
[
C1(1+cos
2 θ) + C2 cosθ cosθ∗
]
sin2θ∗ cosφ∗ , (4.12)
where the coefficients C1 = (cLxL+cRxR)(q2L−q2R) and C2 = 2(cLxL−cRxR)(q2L+q2R) . For
the pure gauge operator OG−, we find the coupling combinations cLxL + cRxR ' −0.0088
and cLxL−cRxR'−0.1155 . We then construct the following observable Oc1 for the effective
operator OG− :
Oc1 =
∣∣∣∣σ1∫ dθdθ∗dφ∗dM∗ f (4)1 sign(cosθ) sign(cosθ∗) sign(cosφ∗)∣∣∣∣ . (4.13)
For the φ∗ distribution, we impose a cut | cosφ∗| > 0.394 , while for the other kinematic
variables we place the same cuts as in Sec. 4.1. With these we compute the values of the
observable Oc1 for the final state uu¯γ at different collider energies,
√
s = 250GeV, (σc0, Oc1) =
(
379, 0.149
(
TeV
Λ
)4)
fb , (4.14a)
√
s = 500GeV, (σc0, Oc1) =
(
81.2, 0.354
(
TeV
Λ
)4)
fb , (4.14b)
√
s = 1TeV, (σc0, Oc1) =
(
20.0, 0.728
(
TeV
Λ
)4)
fb , (4.14c)
√
s = 3TeV, (σc0, Oc1) =
(
2.31, 2.32
(
TeV
Λ
)4)
fb , (4.14d)
√
s = 5TeV, (σc0, Oc1) =
(
0.838, 3.89
(
TeV
Λ
)4)
fb , (4.14e)
23
and derive the corresponding signal significances Z as follows,
√
s = 250GeV, Zu = 5.51
(
0.5TeV
Λ
)4
×√ , (4.15a)
√
s = 500GeV, Zu = 4.28
(
0.8TeV
Λ
)4
×√ , (4.15b)
√
s = 1TeV, Zu = 7.29
(
TeV
Λ
)4
×√ , (4.15c)
√
s = 3TeV, Zu = 4.28
(
2TeV
Λ
)4
×√ , (4.15d)
√
s = 5TeV, Zu = 4.87
(
2.5TeV
Λ
)4
×√ . (4.15e)
In the above and following numerical analyses, we have computed Oc1 and σc0 for the reaction
e−e+→q q¯ γ , as shown in Fig. 2.
In the case of the final state dd¯γ with down quarks, we obtain the following results:
√
s = 250GeV, (σc0, Oc1) =
(
479, 0.192
(
TeV
Λ
)4)
fb , (4.16a)
√
s = 500GeV, (σc0, Oc1) =
(
103, 0.454
(
TeV
Λ
)4)
fb , (4.16b)
√
s = 1TeV, (σc0, Oc1) =
(
25.6, 0.945
(
TeV
Λ
)4)
fb , (4.16c)
√
s = 3TeV, (σc0, Oc1) =
(
2.94, 2.98
(
TeV
Λ
)4)
fb , (4.16d)
√
s = 5TeV, (σc0, Oc1) =
(
1.07, 5.06
(
TeV
Λ
)4)
fb , (4.16e)
Accordingly, we derive the corresponding signal significances, with a sample integrated lumi-
nosity of L = 2 ab−1 at each collision energy:
√
s = 250GeV, Zd = 6.28
(
0.5TeV
Λ
)4
×√ , (4.17a)
√
s = 500GeV, Zd = 4.87
(
0.8TeV
Λ
)4
×√ , (4.17b)
√
s = 1TeV, Zd = 8.36
(
TeV
Λ
)4
×√ , (4.17c)
√
s = 3TeV, Zd = 4.87
(
2TeV
Λ
)4
×√ , (4.17d)
√
s = 5TeV, Zd = 5.60
(
2.5TeV
Λ
)4
×√ . (4.17e)
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With the above, we first derive in Table 1 the sensitivity reaches of Λ (in TeV) for the
pure gauge operator OG− at the 2σ level (4th column) and 5σ level (5th column), respectively,
for the unpolarized e∓ beams. Table 1 shows that in this case the new physics scale can be
probed up to Λ = 0.80 (0.64)TeV at 2σ (5σ) level for the collider energy
√
s = 250GeV, and
Λ = 3.0 (2.4)TeV at 2σ (5σ) level for the collider energy
√
s = 3TeV. Then, we obtain in
Table 2 the sensitivity reaches of Λ (in TeV) at the 2σ level (4th column) and 5σ level (5th
column), respectively, for a polarized electron beam (P eL=0.9) and positron beam (P e¯R=0.65).
From Table 2, we find that in the case of polarized e∓ beams, the new physics scale can be
probed up to Λ = 1.0 (0.81)TeV at 2σ (5σ) level for the collider energy
√
s = 250GeV, and
Λ = 3.8 (3.0)TeV at 2σ (5σ) level for the collider energy
√
s = 3TeV.
Finally, Fig. 8 presents the reaches of the new physics scale Λ as functions of the collider
energy
√
s (in TeV) for the dimension-8 pure gauge operator OG−. These are depicted by the
green solid and dashed curves at the 2σ and 5σ levels, respectively. In this Figure, we show
the results for the case of unpolarized e∓ beams in plots (a) and (c); whereas the results for
the case of polarized e∓ beams with (P eL, P e¯R) = (0.9, 0.65) are given in the plots (b) and (d).
For comparison, we have input a sample integrated luminosity L=2 ab−1 in the plots (a) and
(b), and another sample input L=5 ab−1 in the plots (c) and (d).
4.3 Probing Higgs-Related Dimension-8 Operator O
B˜W
To analyze the contributions of O
B˜W
via hadronic Z decays, we use the same signal observable
Oc1 and the background fluctuation
√
σc0 as we introduced in Ref. [14]. A major difference is
that we will study the probe of O
B˜W
via hadronic decay channels of the final state Z boson. As
we will show, this increases the sensitivity to a much larger cutoff scale Λ , and consequently
the squared contribution of O(Λ−8) becomes negligible. Thus, we include the new physics
contributions up to O(Λ−4) in the present analysis.
For the reaction e−e+→Zγ with hadronic decays Z→qq¯ , we derive the following analyt-
ical formulae for the observable Oc1 and the SM background cross section σc0 :
Oc1 = |σ1|
(∫ pi+φc
pi−φc
−
∫ φc
0
−
∫ 2pi
2pi−φc
)
f 1φ∗dφ∗
' 3αcXq
2−MZ(s−M2Z)sinφc
64sW cW q
2
+ Λ
4 s
3
2
[
3(pi−2δ)(s+M2Z)−(s−3M2Z) sin2δ
]×Br(q) , (4.18a)
σc0 '
2φc
pi
σ0
=
4α2c2+
[
2(s2+M4Z) ln cot
δ
2
− cosδ (s−M2Z)2
]
φc
c2W s
2
W (s−M2Z)s2
×Br(q) , (4.18b)
where for convenience we denote the coupling combination cX ≡ cLxL+ cRxR and the decay
branching fraction Br(q) ≡ Br[Z→ qq¯] ' 69.9% . Because the quark-related gauge coupling
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ratio q2−/q2+ is closer to 1 and the hadronic decay branching fraction Br[Z→qq¯] is roughly 7
times larger than the leptonic one Br[Z→`¯`]'10.1% , we find that Oc1 becomes much larger
in the hadronic channel than that in the leptonic channel.
Since the operators O
B˜W
and OG− have the same φ∗ dependence in their leading energy
terms f 1φ∗ , we may apply the same kinematic cuts as in Sec. 4.2. For each of the up-type
quarks (u, c), we compute the SM cross section σc0 and the observable Oc1 for different collison
energies as follows:
√
s = 250GeV, (σc0, Oc1) =
(
379, 0.392
(
TeV
Λ
)4)
fb , (4.19a)
√
s = 500GeV, (σc0, Oc1) =
(
81.2, 0.794
(
TeV
Λ
)4)
fb , (4.19b)
√
s = 1TeV, (σc0, Oc1) =
(
20.0, 1.65
(
TeV
Λ
)4)
fb , (4.19c)
√
s = 3TeV, (σc0, Oc1) =
(
2.31, 5.15
(
TeV
Λ
)4)
fb , (4.19d)
√
s = 5TeV, (σc0, Oc1) =
(
0.838, 8.60
(
TeV
Λ
)4)
fb . (4.19e)
In the above and following numerical analyses, we have computed Oc1 and σc0 for the reaction
e−e+→q q¯ γ , as shown in Fig. 2.
Then, we can derive the following estimated signal significances Zu4 at each given collision
energy with an integrated luminosity L = 2 ab−1,
√
s = 250GeV, Zu = 14.4
(
0.5TeV
Λ
)4
×√ , (4.20a)
√
s = 500GeV, Zu = 9.59
(
0.8TeV
Λ
)4
×√ , (4.20b)
√
s = 1TeV, Zu = 16.5
(
TeV
Λ
)4
×√ , (4.20c)
√
s = 3TeV, Zu = 9.47
(
2TeV
Λ
)4
×√ , (4.20d)
√
s = 5TeV, Zu = 10.8
(
2.5TeV
Λ
)4
×√ . (4.20e)
For each of the down-type quarks (d, s, b), we arrive at
√
s = 250GeV, (σc0, Oc1) =
(
479, 0.702
(
TeV
Λ
)4)
fb , (4.21a)
√
s = 500GeV, (σc0, Oc1) =
(
103, 1.42
(
TeV
Λ
)4)
fb , (4.21b)
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√
s = 1TeV, (σc0, Oc1) =
(
25.6, 2.98
(
TeV
Λ
)4)
fb , (4.21c)
√
s = 3TeV, (σc0, Oc1) =
(
2.94, 9.28
(
TeV
Λ
)4)
fb , (4.21d)
√
s = 5TeV, (σc0, Oc1) =
(
1.07, 15.5
(
TeV
Λ
)4)
fb . (4.21e)
Accordingly, we derive the signal significances Zd at these collision energies with a sample
integrated luminosity L = 2 ab−1,
√
s = 250GeV, Zd = 23.0
(
0.5TeV
Λ
)4
×√ , (4.22a)
√
s = 500GeV, Zd = 15.3
(
0.8TeV
Λ
)4
×√ , (4.22b)
√
s = 1TeV, Zd = 26.4
(
TeV
Λ
)4
×√ , (4.22c)
√
s = 3TeV, Zd = 15.1
(
2TeV
Λ
)4
×√ , (4.22d)
√
s = 5TeV, Zd = 17.2
(
2.5TeV
Λ
)4
×√ . (4.22e)
With the these, we can deduce the combined signal significance for the hadronic decay channels
of Z boson, Zq=
√
2Z2u+3Z2d .
From the above, we first compute in Table 1 the sensitivity reaches of Λ (in TeV) for
the Higgs-related operator O
B˜W
at the 2σ level (6th column) and 5σ level (7th column),
respectively, for the unpolarized e∓ beams. Table 1 shows that in this case the new physics
scale can be probed up to Λ = 1.1 (0.87)TeV at 2σ (5σ) level for the collider energy
√
s =
250GeV, and Λ = 3.9 (3.1)TeV at 2σ (5σ) level for
√
s = 3TeV. Then, we obtain in Table 2
the sensitivity reaches of Λ (in TeV) at the 2σ level (6th column) and 5σ level (7th column),
respectively, for a polarized electron beam (P eL = 0.9) and positron beam (P e¯R = 0.65). From
Table 2, we find that in the case of polarized e∓ beams, the new physics scale can be probed
up to Λ = 1.2 (0.94)TeV at 2σ (5σ) level for the collider energy
√
s = 250GeV, and Λ =
4.1 (3.2)TeV at 2σ (5σ) level for
√
s = 3TeV.
Finally, we present in Fig. 8 the reaches of the new physics scale Λ as functions of the
collider energy
√
s (in TeV) for the dimension-8 Higgs-related nTGC operator O
B˜W
. These
are shown by the blue solid and dashed curves at the 2σ and 5σ levels, respectively. In this
figure, we show the results for the case of unpolarized e∓ beams in plots (a) and (c), whereas
the results for the case of polarized e∓ beams with (P eL, P e¯R) = (0.9, 0.65) are given in the
plots (b) and (d). For comparison, we have input a sample integrated luminosity L= 2 ab−1
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in the plots (a) and (b), and another sample integrated luminosity L=5 ab−1 in the plots (c)
and (d).
4.4 Comparison with Probing Fermionic Contact Operators
In the case of the fermionic contact operator OC+ = B˜µνW aµρ
[
Dρ(ψLT
aγνψL) +D
ν(ψLT
aγρψL)
]
as shown in Eq.(2.9a), we can obtain the expression of the observable Oc1 by replacing the
coupling factor c2L+c2R (related to OB˜W ) by cLxL (related to OC+) in Eq.(4.18), where we
have used the couplings defined in Eqs.(3.12b)-(3.12c). Thus, for the unpolarized case, we can
derive the following ratio between the two operators as follows:
ZC+Λ4C+
Z
B˜W
Λ4
B˜W
=
∣∣∣∣ cLxLc2L+c2R
∣∣∣∣ ' 1.07 , (4.23)
with xL = 1/2 . Requiring the same signal significance ZB˜W = ZC+ , we deduce a relation
between the two cutoff scales, ΛC+/ΛB˜W ' 1.02 . This shows that the sensitivity reaches of
Λ
B˜W
and ΛC+ are equal within about 2% . This feature holds very well in Table 1 for the
operators O
B˜W
and OC+ , where we have computed directly the 2σ and 5σ limits for these
two operators separately.
For the polarized case, we derive the following ratio accordingly:
ZC+Λ4C+
Z
B˜W
Λ4
B˜W
=
∣∣∣∣ P eLP e¯RcLxLP eLP e¯Rc2L+(1−P eL)(1−P e¯R)c2R
∣∣∣∣ . (4.24)
For the given e∓ beam polarizations (P eL, P e¯R) = (0.9, 0.65), we evaluate numerically the above
ratio (ZC+Λ4C+)/(ZB˜WΛ4B˜W ) = 1.78 . Requiring the same signal significance ZB˜W=ZC+ , we
derive a relation between the two cutoff scales, ΛC+/ΛB˜W ' 1.16 . Thus, the sensitivity reach
of Λ
B˜W
is higher than that of ΛC+ by about 16% . Inspecting the 2σ and 5σ limits in Table 2,
we see that this relation ΛC+/ΛB˜W ' 1.16 indeed holds rather well. Hence, the case with
polarized e∓ beams provides a more sensitive probe of the new physics scale of OC+ than that
of O
B˜W
.
According to Eq.(2.8a), we see that the other combination of contact operators OC− has
the same effect as OG+ in the reaction e−e+→Zγ , because the other related operators with
the Higgs fields do not contribute to this reaction. Hence we need not to discuss it separately,
but just refer to our study of OG+ in Section 4.1.
4.5 Comparison with Leptonic Channels of Z Decays
In our previous study [14], we analyzed the sensitivities for probes of the nTGC operator OB˜W
via leptonic Z decay channels. By replacing the coupling coefficients (qL, qR) by (cL, cR), we
can obtain all the formulae for the leptonic Z channels from the corresponding formulae in the
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√
s 250GeV 500GeV 1TeV 3TeV 5TeV
Λ`,2σG+ 0.93 1.0 1.7 1.9 2.8 3.1 6.5 7.3 9.5 10.6
Λ`,5σG+ 0.74 0.83 1.3 1.4 2.3 2.6 5.1 5.7 7.5 8.4
Λ`,2σG+(pol) 1.1 1.2 2.0 2.2 3.3 3.7 7.7 8.6 11.2 12.5
Λ`,5σG+(pol) 0.87 0.97 1.5 1.7 2.7 3.0 6.0 6.7 8.8 9.9
Λ`,2σ
B˜W
0.56 0.63 0.80 0.90 1.2 1.3 2.0 2.2 2.6 2.9
Λ`,5σ
B˜W
0.44 0.49 0.64 0.72 0.91 1.0 1.6 1.8 2.0 2.2
Λ`,2σ
B˜W
(pol) 0.65 0.73 1.0 1.1 1.4 1.6 2.5 2.8 3.2 3.6
Λ`,5σ
B˜W
(pol) 0.51 0.57 0.78 0.87 1.1 1.2 2.0 2.2 2.6 2.9
Table 3: Sensitivities for probes of the new physics scale Λ (in TeV) of the nTGC pure gauge operator
OG+ in comparison with that of the Higgs-related nTGC operator OB˜W , at the 2σ (exclusion) and 5σ
(discovery) levels for different dimension-8 operators, as obtained from the reaction e−e+→Zγ→`¯`γ
at different collider energies, for L = 2 ab−1 (in blue color) and L = 5 ab−1 (in red color). The
sensitivity limits on Λ marked by “(pol)” denotes the results for the case with polarized e∓ beams. For
illustration, an ideal detection efficiency =100% is assumed.
case of the hadronic Z decays. For comparison, we summarize in Table 3 the sensitivities for
probing OG+ and OB˜W in the leptonic Z decay channels, for the case of unpolarized e∓ beams
(in black color) and the case of polarized e∓ beams (in red color) with (P eL, P e¯R) = (0.9, 0.65).
The sensitivities for probing the OG+ and OB˜W in the leptonic channels are generally lower
than that in the hadronic channels. For the pure gauge operator OG+, we can derive the ratio
of the two signal significances as follows,
ΛqG+
Λ`G+
=
(Z`G+
ZqG+
)1
4
(
Br(Z→qq¯)
Br(Z→`¯`)
)1
8 ' 1.27 , (4.25)
where we have required the same signal significance Z`G+=ZqG+. This is because the observable
Oc1(G+) ∝ f 2L+f 2R , where (fL, fR) denote the coupling coefficients of the left- and right-handed
fermions to the weak gauge boson Z. For comparison, the corresponding ratio for the Higgs-
related nTGC operator O
B˜W
was given in Eq.(4.29). Because the corresponding observable
Oc1(B˜W ) ∝ f 2L−f 2R , it leads to a much weaker sensitivity for OB˜W in the leptonic channels,
as shown in Table 3. Inspecting the 2σ and 5σ limits on the new physics scale of OG+ via
hadronic and leptonic Z decays in Tables 1 and 3, we find that the above relation (4.25) indeed
holds rather well.
Next, we compare the sensitivity reaches for the operator O
B˜W
via Z decays into the
hadronic and leptonic channels. We note that the coupling coefficient of the observable Oc1
for the final-state quarks is much larger than that for the final-state leptons. The case with
the final state Z→qq¯ has much larger signal significance than that of Z→`¯` that we studied
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previously [14]. For the sake of comparison, we rederive in Table 3 the limits on the operator
O
B˜W
by including its contributions up to O(Λ−4), which is the same as we do for the pure
gauge operator OG+ .
Then, we can estimate the ratio of the significances for the hadronic and leptonic Z decay
channels as follows:
Z¯q
B˜W
Z`
B˜W
=
Oc,q1 (B˜W )
Oc,`1 (B˜W )
√
σc,`0
σc,q0
'
(
Λ`
B˜W
Λq
B˜W
)4(
q2−
c2−
√
Nc c
2
+
N` q
2
+
)
, (4.26)
where Z¯q=Zu for up-type quarks or Z¯q=Zd for down-type quarks, and we have denoted the
coupling factors c2±=c2L±c2R and q2±=q2L±q2R as before. In the above, Nc=3 is the color factor
of each final state quarks qq¯ , while N`=3 counts the contributions from the three types of the
final-state leptons `−`+ (` = e, µ, τ). For our estimate in the last step of Eq.(4.26), we have
assumed that the SM background cross sections σc,q0 and σ
c,`
0 are dominated by irreducible
backgrounds as generated from the diagram-(b) of Fig. 2. But in general we have the scaling
relation Λq
B˜W
/Λ`
B˜W
∝
(
σc,q0 /σ
c,`
0
)1/8
, so the ratio Λq
B˜W
/Λ`
B˜W
is rather insensitive to a small
change in the SM background cross sections. Hence we expect that our estimate in Eq.(4.26)
should hold well, which is indeed the case as we verify shortly.
As before, we have combined the signal significances for the hadronic Z decay channels,
Zq
B˜W
=
√
2(Zu
B˜W
)2+3(Zd
B˜W
)2 , (4.27)
which takes into account the contributions of the two relevant up-type quarks (q = u, c) and
the three down-type quarks (q = d, s, b). With this we can extend the above formula (4.26)
and derive the ratio between the combined signal significance Zq
B˜W
for hadronic channels and
the signal significance Z`
B˜W
for leptonic channels:
Zq
B˜W
Z`
B˜W
=
2(ZuB˜WZ`
B˜W
)2
+3
(
Zd
B˜W
Z`
B˜W
)2
1
2
'
(
Λ`
B˜W
Λq
B˜W
)4(
Nc c
2
+
N` c
4−
)1
2
(
2u4−
u2+
+
3d4−
d2+
)1
2
, (4.28)
where Nc =N` = 3 , and we have used the notations u2± = q2±|q=u and d2± = q2±|q=d with the
coupling factors q2± = q2L ± q2R defined as before.
Requiring the same signal significances Zq
B˜W
= Z`
B˜W
in Eq.(4.28), we can compare the
sensitivity reaches of the cutoff scales Λq
B˜W
and Λ`
B˜W
via the hadronic and leptonic Z decay
channels:
Λq
B˜W
Λ`
B˜W
=
(
Nc c
2
+
N` c
4−
)1
8
(
2u4−
u2+
+
3d4−
d2+
)1
8
. (4.29)
We have computed this ratio numerically and found a relation Λq
B˜W
/Λ`
B˜W
'1.96 . Inspecting
the sensitivity limits on O
B˜W
in Tables 1 and 3 which are derived separately for the hadronic
and leptonic channels of Z decays, we can readily verify that this ratio Λq
B˜W
/Λ`
B˜W
' 1.96
holds rather well.
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4.6 Correlations between Dimension-8 Operators
In this Subsection we analyze the correlations between each pair of the dimension-8 operators.
We construct for this purpose the following three types of Oc1 observables to extract different
signal terms in the distribution f (4)1 at O(Λ−4):
OcA = σ1
∫
dθdθ∗dφ∗dM∗ f
(4)
1 sign(cosφ∗) , (4.30a)
OcB = σ1
∫
dθdθ∗dφ∗dM∗ f
(4)
1 sign(cosφ∗)sign(cosθ)sign(cosθ∗) , (4.30b)
OcC = σ1
∫
dθdθ∗dφ∗dM∗ f
(4)
1 sign(cos2φ∗) . (4.30c)
Using the formulae (3.4), (3.6), (3.11)-(3.13) and (4.12)-(4.13), we derive expressions for these
observables for each of the operators (OG+, OB˜W , OG−, OC+). For the observables of type-A,
we have
OcA(G+) = A× 12 cLP eLP e¯R(5s+M2Z)Λ−4G+ , (4.31a)
OcA(B˜W ) = A× 3
[
c2LP
e
LP
e¯
R+c
2
R(1−P eL)(1−P e¯R)
]
(s+M2Z)Λ
−4
B˜W
, (4.31b)
OcA(G−) = A× 3[cLP eLP e¯R+cR(1−P eL)(1−P e¯R)] s2W (s+M2Z)Λ−4G− , (4.31c)
OcA(C+) = A× 32 cLP eLP e¯R(s+M2Z)Λ−4C+ , (4.31d)
whereas for the type-B observables we obtain
OcB(G+) = B× 12 cLP eLP e¯R(5s+M2Z)Λ−4G+ , (4.32a)
OcB(B˜W ) = B× 3
[
c2LP
e
LP
e¯
R−c2R(1−P eL)(1−P e¯R)
]
(s+M2Z)Λ
−4
B˜W
, (4.32b)
OcB(G−) = B× 3 [cLP eLP e¯R−cR(1−P eL)(1−P e¯R)] s2W (s+M2Z)Λ−4G− , (4.32c)
OcB(C+) = B× 32 cLP eLP e¯R(s+M2Z)Λ−4C+ . (4.32d)
Finally, for the type-C observables we derive
OcC(G+) = C× 12 cLP eLP e¯R sΛ−4G+ , (4.33a)
OcC(B˜W ) = C×
[
c2LP
e
LP
e¯
R−c2R(1−P eL)(1−P e¯R)
]
M2ZΛ
−4
B˜W
, (4.33b)
OcC(G−) = C× [cLP eLP e¯R−cR(1−P eL)(1−P e¯R)] s2WM2ZΛ−4G− , (4.33c)
OcC(C+) = C× 12 cLP eLP e¯RM2ZΛ−4C+ . (4.33d)
In the above, the values of the coefficients A, B and C are obtained from our numerical
results for the observables in Eq.(4.30). The case with unpolarized e∓ beams corresponds to
(P eL, P
e¯
R) = (0.5, 0.5) , while for the fully-polarized e∓ beams we have (P eL, P e¯R) = (1, 1) .
Then, we combine contributions of the above three types of observables Ocρ (ρ =A,B,C)
and include different operators Oj ( j= G+, B˜W, G−, G+) into a global χ2 function:
χ2 =
∑
ρ
2
(∑
ρO
c(u)
ρ (j)
)2
σ
c(u)
0ρ
+ 3
(∑
ρO
c(d)
ρ (j)
)2
σ
c(d)
0ρ
L . (4.34)
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Figure 9: Sensitivity bounds on the new physics scales Λj at 2σ level for each pair of the operators
(OG+, OG−), (OG+, OB˜W ), and (OC+, OB˜W ), respectively, for the collider energy
√
s =3TeV and
an integrated luminosity L= 2 ab−1. The plots (a) and (b) are shown for the case of unpolarized e∓
beams, while the plots (c) and (d) depict the case with polarized beams (P eL, P
e¯
R)=(0.9, 0.65) . Here
the ± inside each axis label denote the sign of the coefficient c˜j of the corresponding operator.
Minimizing the χ2 function (4.34), we can derive constraints among the cutoff scales Λρ
for any given subset of effective operators. For the current analysis, we study each pair of
operators and analyze the correlations between their associated cutoff scales. We find that the
most sensitive observable for probing the operators O
B˜W
and OC+ is OcA, whereas for probing
the operator OG−, it is OcB, and for probing the operator OG+, it is OcC .
We present in Fig. 9 the sensitivity bounds on the new physics scales Λj at 2σ level for
the pairs of of the operators (OG+, OG−), (OG+, OB˜W ), and (OC+, OB˜W ), respectively. For
illustration, we have chosen a collider energy
√
s = 3TeV and an integrated luminosity L=
2 ab−1. The ± in each axis label denotes the sign of the coefficient c˜j of the corresponding
operator Oj . The plots (a) and (b) are for the case of unpolarized e∓ beams, and the plots (c)
32
and (d) depict the case with partially-polarized beams: (P eL, P e¯R)=(0.9, 0.65). In plots (a) and
(c) we present the correlation contours for the operators (OG+, OB˜W ) in red color, and for the
operators (OG+, OG−) in blue color. The correlation contours for the operators (OC+, OB˜W )
are shown in plots (b) and (d).
We see in the plots (b) and (d) of Fig. 9 that the operators O
B˜W
and OC+ are highly
correlated, unlike the cases shown in plots (a) and (c). This is because the operators O
B˜W
and OC+ are both sensitive to the same type of observable OcA. In particular, we note that
in the polarized case shown in plot (d) the ellipse contour collapses towards a straight line,
which corresponds to the limit of fully-polarized e∓ beams. In this limit we find the following
χ2 function for the contributions of the two operators (O
B˜W
, OC+):
χ2 =
∑
q
{[
3Aq(s+M2Z)
]2
σ
c(q)
0A
+
[
3Bq(s+M2Z)
]2
σ
c(q)
0B
+
[
CqM2Z
]2
σ
c(q)
0C
}
×L×
cL
(
cLc˜B˜W +
1
2
c˜C+
)
Λ˜4
2
= constant×
[
cLc˜B˜W +
1
2
c˜C+
Λ˜4
]2
, (4.35)
where the summation index q runs over the relevant quark flavors in the final state Z→ qq¯ .
We see that the minimum value χ2 = 0 leads to the equation
cL
c˜
B˜W
Λ˜4
+
1
2
c˜C+
Λ˜4
= 0 , (4.36)
which describes a straight line whose slope is − 1
2cL
= (1−2s2W )−1' 1.86 . We note that this
feature is reflected in plot (d) even for the partially-polarized case (P eL, P e¯R) = (0.9, 0.65) . In
the case of 100% polarized e∓ beams, the operators O
B˜W
and OC+ would be fully correlated
along the straight line determined by equation (4.36).
5 Conclusions
In this work, we have used the SMEFT framework to study systematically how dimension-8
operators that contribute to neutral triple gauge couplings (nTGCs) can be probed via the
reaction e+e−→ Zγ with hadronic decays Z→ qq¯ at future e+e− colliders. We have con-
structed a new set of dimension-8 CP-conserving pure gauge operators (2.2) that contribute
to the nTGC vertices with a leading energy dependence ∝E5. We paid special attention to
the dimension-8 pure gauge operators (2.7) and the related dimension-8 e−e+Zγ contact in-
teractions (2.9), in addition to the Higgs-related operators that we had studied previously via
leptonic Z decay channels [14]. As expected from the strong energy dependence of the contri-
butions to amplitudes from the type of dimension-8 operators shown in Eq.(2.7), higher-energy
colliders generally have greater sensitivity than their lower-energy counterparts, assuming that
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comparable amounts of integrated luminosity can be accumulated. This is shown in the scaling
relations (4.7)-(4.8) for instance. Moreover, the use of hadronic Z decays with larger branching
fractions increases the sensitivity significantly, as compared to leptonic decays studied in [14].
We have analyzed the prospective sensitivities to the new physics cutoff scales Λj for
individual dimension-8 operators via the reaction e+e−→Zγ with Z→qq¯ . We found that the
dimension-8 pure gauge operator OG+ in Eq.(2.7a) provides the most sensitive probe to the
new physics scale of nTGCs, namely, the ΛG+ can be probed up to the range (1−5)TeV for the
CEPC [17], FCC-ee [18] and ILC [19] colliders with
√
s =(0.25− 1)TeV, and up to the range
(10− 16)TeV for CLIC [20] with √s =(3− 5)TeV, choosing in each case a sample integrated
luminosity of L= 5 ab−1. We presented systematically new results of the sensitivity reaches
for a set of relevant dimension-8 operators (OG+, OG−, OB˜W , OC+) at the 2σ (exclusion) and
5σ (discovery) levels using hadronic Z decays and unpolarized e∓ beams in Table 1, and for
partially-polarized e∓ beams in Table 2, which can be compared with the results using leptonic
Z decays in Table 3. We stress that the new sensitivity limits obtained for the dimension-8
pure gauge operator OG+ and for the hadronic Z decay channels in this work are substantially
stronger than our previous limits for the Higgs-related operator O
B˜W
via the leptonic Z decay
channels, as can be clearly seen by comparing the current Tables 1-2 versus Table 3. We have
further studied the prospects for simultaneous fits to pairs of dimension-8 operators, including
correlations, with the results shown in Fig. 9.
The present findings in Tables 1-3 and Figs. 8-9 largely go beyond our previous study [14],
and demonstrate that the reaction e+e−→Zγ provides an important opportunity to explore
the dimension-8 SMEFT contributions to nTGCs, with sensitivity reaches of the corresponding
new physics scales extending well into the multi-TeV range. This opportunity provides a new
prospect to probing a class of dimension-8 interactions that is complementary to the other
different dimension-8 terms probed by processes such as the light-by-light scattering in heavy-
ion collisions [12] and the gluon-gluon→γγ in pp collisions [13]. It would be valuable to extend
our present study of the dimension-8 interactions of nTGCs to the LHC and future high energy
pp colliders, and to compare their prospective sensitivities to those of the e+e− colliders in the
current study. We will pursue this research direction in the future work.
Appendix:
A Helicity Amplitudes for Zγ Production from OG± and OC±
In this Appendix, we present our results for the helicity amplitudes of the reaction e−e+→Zγ ,
including contributions from both the SM and the dimension-8 operators (OG±, OC±).
For the final-state Z(λ)γ(λ′) helicity combinations λλ′ = (−−,−+,+−,++) and λλ′ =
34
(0−, 0+), we find the following SM contributions to the scattering amplitudes:
T ss′,Tsm
−− −+
+− ++
= 2e2
sW cW (s−M2Z)
(eLcot θ2−eRtan θ2)M2Z (−eLcot θ2 +eRtan θ2)s(
eLtan
θ
2
−eRcot θ2
)
s
(−eLtan θ2 +eRcot θ2)M2Z
, (A.1a)
T ss′,Lsm (0−, 0+) =
2
√
2(eL+eR)e
2MZ
√
s
sW cW (s−M2Z)
(1, −1) , (A.1b)
where (eL, eR) = (cLδs,− 1
2
, cRδs, 1
2
), with the subscript index s = ∓ 1
2
denoting the initial-state
electron helicities. For the massless initial-state e− and e+, we have s = −s′.
We then compute the corresponding helicity amplitudes from the new physics contributions
of the dimension-8 operator OG+ (OC−) as follows:
T ss′,T(8)
−− −+
+− ++
 = (e′L+e′R)(s−M2Z)s sinθ
Λ4
 1 0
0 −1
, (A.2a)
T ss′,L(8) (0−, 0+) =
√
2MZ(s−M2Z)
√
s
Λ4
(
e′Lsin
2 θ
2
− e′Rcos2
θ
2
, e′Rsin
2 θ
2
− e′Lcos2
θ
2
)
, (A.2b)
where (e′L, e′R)=
1
2
(δ
s,− 1
2
, 0). We see from Eq.(A.2a) that the transverse amplitudes T ss′,T(8) ∝
(
√
s )4 in the high energy limit. This can be understood by recalling that the ZγZ∗ or Zγγ∗
vertex of OG+ has the leading energy dependence of (
√
s )5, the s-channel Z∗ (γ∗) propagator
contributes a leading energy factor 1/s , and the initial state spinor wavefunctions of e−e+
contribute an additional leading energy factor
√
s . Hence, the amplitude T ss′,T(8) has a leading
energy dependence of (
√
s )4 .
On the other hand, for the longitudinal gauge boson ZL in the final state, we see from
Eq.(A.2b) that the corresponding amplitudes have a lower energy dependence T ss′,L(8) ∝(
√
s )3.
This is because the longitudinal polarization vector of the final state ZL has the leading energy
behavior µL∝qµZ/MZ and the inclusion of µL causes a cancellation in the energy factors from
s1 down to M2Z in the ZγZ∗ and Zγγ∗ vertices (3.2). Hence, we find that the leading energy
dependence of the longitudinal amplitudes reduces to T ss′,L(8) ∝(
√
s )3 . This is not an accidental
cancellation, as we can understand the leading energy behavior of T ss′,L(8) on general grounds
by using the equivalence theorem (ET) [25]. According to the ET, the longitudinal scattering
amplitude is connected to the corresponding Goldstone boson scattering amplitude at high
energies. Thus, in the case of the contribution from OG+, we have
T(8)[ZL, γT ] = T(8)[−ipi0, γT ] +B , (A.3)
where pi0 is the would-be Goldstone boson absorbed by ZL through the Higgs mechanism,
and the residual term B = T(8)[vµZµ, γT ] with vµ ≡ µL − qµZ/MZ =O(MZ/EZ) [25]. Thus,
using the vertex (3.2) we readily deduce that the OG+ contribution to the residual term B
has the leading energy behavior B∝ (√s )3. Note that the dimension-8 pure gauge operator
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OG+ defined in Eq.(2.7a) does not contain any Higgs boson or Goldstone boson field. This
means that OG+ gives vanishing contribution to the Goldstone boson amplitude at tree-level,
T(8)[pi0, γT ] = 0 . Hence, the ET (A.3) predicts the following leading energy behavior of the
longitudunal amplitude,
T(8)[ZLγT ] = B ∝ (
√
s )3 . (A.4)
This explains the leading energy dependence of the scattering amplitudes (A.2b) which we
obtained by explicit calculations.
Next, we derive the new physics contributions of the dimension-8 operators OG−, OB˜W
and OC+ as follows:
T ss′,T(8)
−− −+
+− ++
 = (e′L+e′R) sinθM2Z(s−M2Z)
Λ4
1 0
0 −1
, (A.5a)
T ss′,L(8) (0−, 0+) =
√
2MZ(s−M2Z)
√
s
Λ4
(
e′Lsin
2 θ
2
− e′Rcos2
θ
2
, e′Rsin
2 θ
2
− e′Lcos2
θ
2
)
. (A.5b)
where the coupling factors (e′L, e′R) = s2W (δs,− 1
2
, δ
s, 1
2
) for OG−, (e′L, e′R) = (cLδs,− 1
2
, cRδs, 1
2
) for
OB˜W , and (e′L, e′R) = 12(δs,− 1
2
, 0) for OC+.
We find that the leading energy behaviors of the amplitudes (A.5) agree well with direct
power counting estimates, since there is no extra energy cancellation involved. For instance,
from Eqs.(3.7)-(3.8), we see that the contribution of the operator OG− or OB˜W to the nTGC
vertex Zγγ∗ or ZγZ∗ scales as E3 in the high-energy limit, so their contributions to the
amplitude of the s-channel process e−e+ → ZTγT scale as E2 after taking into account of
the energy factors from the s-channel propagator and the spinor wavefunctions of the initial
state e−e+. This agrees with the leading energy dependence s1 in Eq.(A.5a). The operator
OC+ contributes to the ff¯Zγ contact vertex (3.9) with the leading energy dependence E1.
So, after including the energy factor of the e−e+ spinor wavefunctions of the initial states,
we find that it contributes to the process e−e+→ZTγT with a leading energy behavior ∝E2,
which also coincides with that of Eq.(A.5a). Finally, inspecting the amplitudes (A.5b) that
include the longitudinally-polarized weak boson ZL in the final state, we note that the final
state ZL contributes an additional energy factor E1 to the scattering amplitudes through its
longitudinal polarization vector µL∝qµZ/MZ . Hence, we find that the longitudinal amplitudes
of the reaction e−e+→ZLγT should scale like T ss
′,L
(8) ∝ E3, in agreement with Eq.(A.5b).
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